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J. PHYS. A (PROC. PHYS. 80C.), 1968, sER. 2, voL. 1. PRINTED IN GREAT BRITAIN

Derivation of the Lorentz transformation without use of light

H. ALMSTROM

Department of Theoretical Physics, Royal Institute of Technology, Stockholm,
Sweden

MS. received 24th November 1967, in vevised form 18th January 1968

Abstract. The connection between the length of a rigid rod in motion, Ly, and a
rigid rod at rest, Ly, is assumed to be of the form L, = «(vnm)Lm where vy, is the
relative velocity measured from the system where L, is at rest. We shall show that
(1) for small vy, we have Vam = —Umn, (ii) if this relation is assumed to hold for finite
TUam, We Obtain the velocity-addition law and (iii) if & = a|vnm|, the form of @ is re-
stricted to o = (1 —Dvnw?)'’?, where D is a constant. When D > 0 we have that
ve = (1/D)*'2 is a limit velocity.

1. Introduction

In this paper we shall analyse the assumptions made in the derivation of the Lorentz
transformation. For this purpose it seems advisable to leave light out of the derivation.

We shall analyse the space-time transformation between inertial systems moving along
parallel Euclidian straight lines starting from the assumptions: (i) the Galilean relativity
principle (see for example Fock 1963), (ii) the length of a rod moving along one of the parallel
lines and measured from one of the inertial systems shall depend on its velocity. The analysis
is similar to that of Frank and Rothe (1911) who also obtain a generalized ‘Lorentz factor’.
The ‘Lorentz factor’ which we derive is obtained from that of Frank and Rothe by putting
Wy = Gy = bJc and u;, = —1/c?, a case which they do not discuss.

In a subsequent paper we shall analyse the possibility of deriving a theory with this
generalized ‘Lorentz factor’, where we have the invariant

A
l—n.vp

I? = {(x°%-x.x =
() }l-f-n.v

In the present analysis £ is the direction of the parallel lines. In the wave equation con-
structed from the invariant we try to replace i by the Pauli spin matrices o.

Definition of relative velocity. Let vy, be the relative velocity between two inertial systems
K. and K, measured from K.

2. Length-change measurements

Two rigid rods with the lengths L, and L, are at rest in an inertial system K,. The rod
with length L., is given the relative velocity v, (1) in the direction of L, (ii) perpendicular
to the direction of L,, and its length is compared in K, with the rod at rest there. The
length L., is adjusted so that the moving rod has the length L, measured from K,. The
results of the measurements are assumed to be given by the relations L,” = «(vym)Ly”,
where o(0) = 1, for the parallel motion and L, = A(vym)Ly*, where 2(0) = 1, for the
perpendicular motion.

3. Introduction of time
If we study the inertial systems K, and K, moving with constant relative velocity,
whose origins coincide for ¢, = 0, we obtain
Xp = Vnmin = O('(‘vnm)xm (1)
where the x axes are along parallel lines and point in the same direction.

Determination of the form for o(v,y,). If we study further the inertial systems K, K, and K,
moving with constant relative velocities and whose origins coincide for ¢, = #,, = ¢, = 0,
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we obtain from (1)
Xo— Upmin = (Z’nm)xm

Xy = Vnpln = #(Vnp)¥p
= o(Tmp)¥p
(P )%
= (T ypn)%n

D
Xp— Vpmbp = (T pm) %X

Xm — Umplm

i

X — 7)mntm

X, — Upnt

From (2), (3) and (4) we obtain
X Tnp)#(Vmn)
{ (V)
(Tp)(Vmn) UrapTom
- { (Vpp)  Vam— ’Unp} "
From (5) and (8) we obtain
(1) {05) _ nolEin = o)

o((Ump) UmpPUnm

Uy — oc(vnm)d.(z’mn)z'np} —_— Xy,
'nm ~ Ynp

= o(Vyp)%n-

TnmPmn — UnmPmp — Vnp?
a(vnm)“(vmn)*l o mmn om~mp np mn'
vnpvmp

Equation (10) can be rewritten as

'nm) — 0 ‘mn) 0
o) [0 o) =20)
Unm Unm
'mn 'mp ™ ¥n 1 ‘mn
@ +zp vp:_(___)(1+1 )
Unp¥mp UnpUmp Ump Unm

(2)

(8)

(9)

(10)

(11)

When v, — 0 we assume that v, -0 and ¢y, — vy, = 0. The left-hand side of (11)
will approach a oy, -independent expression for decreasing vy, ; the right-hand side also
approaches a vy, ,-independent expression so long as vy, = —vpy for small v,,,. From (11)
we further see that du(?yy,)/dvn, is a continuous function at ¢y, = 0. If we now assume the

relation

Upm = ~VUmn

to hold for all finite relative velocities, equation (10) may be rewritten as

1~ o(vgm)o — V) _ Tam ™+ Vmp~ Unp
> =

Unm UnmUmp¥np

From equations (2), (3), (6) and (7) we obtain in the same way
1 —o(vnp)a( — Tnyp) _ Unp T Uom~ Unm
vnpz Wnpvpm‘vnm .

Using (12), (13) and (14) we obtain

I 0((vnm)o‘( ~ Vnm) _ 1- “(wnp)“( —¥np) —

D

Vnm Znp

(12)

(13)

(14)

(15)

where D must be a constant. Equations (14) and (15) now give the velocity-addition law

'vnm + vmp

Vpp = —————.
14+ Dtyp@mp

(16)
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For D > 0 we obtain from (16) that v, = (1/D)*/2? is a limit velocity which we identify
with the velocity of light ¢ i vacuo.
If we introduce the notation v/vg = @, we obtain from (9), (15) and (16)

{lan)o(ns) )
%(@p)(1 + Gar@mp)
If we put «(a,,) = exp{g(aum)}(1 —a,,?)!/3, we obtain from (16) and (17)
£ (L) glam) = glams) (19)
+ Aammp
Let us divide (18) by a,,, and let a,,, - 0. This gives
d nm . m
(1=, 2) B )y, 80mn) (19)
danm Amp =0 amp

where b must be a constant. We have «(0) = 1 which gives g(0) = 0. The solution to (19)
is then

1 b/2
hl ‘Z”B) . (20)

exp{g(dam)} = (1 — Gy

For «(v,y) we now obtain
1+ opn/c

1 —opm/c

bi2 Tom 2y1/2
)
as from (16) |v,y| <

If we now assume that there is no polarization of the space, we have

) (22)
Equation (22) gives b = 0, and we obtain

o(iounl) = [1- () ] 23)

From (2), (5) and (23) we obtain the Lorentz transformation

- {1 _ (3’“—’3)2}_1/2 (% — Vamts)

¢
Unm 2z Unm¥n
b = {1 —— th— ——— ).
c ¢
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